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FLAT BUNDLES AND HYPER-HODGE DECOMPOSITION ON
SOLVMANIFOLDS
HISASHI KASUYA
Abstract. We study rank 1 flat bundles over solvmanifolds whose cohomologies are non-
trivial. By using Hodge theoretical properties for all topologically trivial rank 1 flat bundles,
we represent the structure theorem of Ka¨hler solvmanifolds as extensions of Hasegawa’s
result and Benson-Gordon’s result for nilmanifolds.
1. Introduction
Let M be a compact manifold and (A∗
C
(M), d) (resp. (A∗
R
(M), d)) the C-valued (resp. R-
valued) de Rham complex and A∗
C cl(M) (resp. A
∗
R cl(M)) the subspace of the C-valued (resp.
R-valued) closed forms. We denote by F (M) the set of isomorphism classes of flat C-line bundles
Eφ = (M ×C, d+ φ) where M ×C is a topologically trivial line bundle and φ ∈ A1C cl(M). We
denote by C(π1(M)) the space of characters of π1(M) which can be factored as
π1(M)→ H1(π1(M),Z)/(torsion)→ C∗.
Then we have the 1 − 1 correspondence ι : F (M) → C(π1(M)) such that ι(Eφ)(γ) = e
∫
γ
φ
for γ ∈ π1(M). Because of this, the map A∗C cl(M) ∋ φ 7→ Eφ ∈ F (M) induces a surjection
H∗(M,C) ∋ [φ] 7→ Eφ ∈ F (M). We consider the R∗-action on F (M) such that
µt(Eφ) = EtReφ+
√−1Imφ
for t ∈ R∗. By the definition, a unitary flat bundle Eφ ∈ F (M) (i.e. ι(Eφ) is a unitary
character) is fixed by the R∗-action. We can consider the cochain complex (A∗
C
(M), d + φ)
as the de Rham complex with values in a flat bundle Eφ. We denote by H
∗(M,d + φ) the
cohomology of (A∗
C
(M), d + φ). We define J p(M) = {Eφ ∈ F (M)|Hp(M,d + φ) 6= 0} and
denote J (M) = ⋃J p(M).
The main objects of this paper are solvmanifolds. Solvmanifolds are compact homogeneous
spaces G/Γ of simply connected solvable Lie groups G by lattices (i.e. cocompact discrete
subgroups) Γ. For solvmanifolds G/Γ, in this paper, we describe the set J p(G/Γ) for each p
by using the adjoint representations of G (see Section 5).
Remark 1. Let J˘ p(M) denote the set of isomorphism classes of (not necessarily topologically
trivial) flat C-line bundles over a compact manifold M whose cohomologies are non-trivial.
The set J˘ p(M) is called the cohomology jump locus of M . The set J˘ p(M) was studied by
several authors (for example [4], [37], [28], [29] and [19]). For solvmanifolds G/Γ, we have
J p(G/Γ) = J˘ p(G/Γ) (see Corollary 5.2).
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Definition 1.1. M has the µR∗ -symmetry on cohomologies if for each Eφ ∈ F (M) and t ∈ R∗,
we have
dimHr(M,d+ φ) = dimHr(M,d+ tReφ+
√−1Imφ)
for each r.
If M has the µR∗ -symmetry on cohomologies and there exists a non-unitary flat bundle Eφ
such that H∗(M,d+ φ) 6= 0, then J (M) is an infinite set. Let
A
∗
(M) =
⊕
Eφ∈F (M)
(A∗C(M), d+ φ) .
Then by the isomorphism Eφ ⊗ Eϕ ∼= Eφ+ϕ, A∗(M) is a differential graded algebra.
Definition 1.2. M is hyper-formal if the differential graded algebra A
∗
(M) is formal in the
sense of Sullivan ([38]).
Definition 1.3. We suppose that M admits a symplectic form ω. (M,ω) is hyper-hard-
Lefschetz if for each Eφ ∈ F (M) the linear map
[ω]n−i∧ : Hi(M,d+ φ)→ H2n−i(M,d+ φ)
is an isomorphism for any i ≤ n where dimM = 2n.
Let (M,J) be a compact complex manifold. Consider the double complex (A∗,∗(M), ∂, ∂¯)
and the Dolbeault cohomology H∗,∗(M, ∂¯). We also consider the Bott-Chern cohomology
H∗,∗(M,∂∂¯) defined by
H∗,∗(M,∂∂¯) =
ker ∂ ∩ ker ∂¯
im ∂∂¯
.
We say that (M,J) admits the strong-Hodge-decomposition if the natural maps
H∗,∗(M,∂∂¯)→ H∗,∗(M, ∂¯), Tot∗H∗,∗(M,∂∂¯)→ H∗(M,d)
are isomorphisms (see [18]). This condition is equivalent to the ∂∂¯-lemma as in [17] (see [3]) and
hence this condition implies the formality in the sense of Sullivan. Let Eφ ∈ F (M) be a unitary
flat bundle. Then we have [φ] ∈ √−1H∗(M,R) and hence we can take φ ∈ √−1A∗
R cl(M). We
consider the decomposition d+φ = (∂+φ1,0)+(∂¯+φ0,1) where φ1,0 and φ0,1 are (1, 0) and (0, 1)
components of φ respectively. Then (A∗
C
(M), ∂¯ + φ0,1) is considered as the Dolbeault complex
with values in a flat holomorphic bundle Eφ. For a holomorphic 1-form θ ∈ H1,0(M, ∂¯), we
consider the differential operator ∂¯ + φ0,1 + θ on A∗
C
(M). We denote by H∗(M, ∂¯ + φ0,1 + θ)
the cohomology of (A∗
C
(M), ∂¯ + φ0,1 + θ). We assume that (M,J) admits the strong-Hodge-
decomposition. Then we have H1(M,d) ∼= ker∂ ∩ ker∂¯ = H1,0(M, ∂¯) ⊕ H1,0(M, ∂¯). Because
of this, for holomorphic 1-forms θ and ϑ, we have the flat bundle Eϑ−ϑ¯+θ+θ¯ ∈ F (M) and the
decomposition
d+ ϑ− ϑ¯+ θ + θ¯ = (∂ + ϑ+ θ¯) + (∂¯ − ϑ¯+ θ)
of differential operators. Moreover, each element in F (M) can be written as Eϑ−ϑ¯+θ+θ¯. We
denote by
H∗
(
M, (∂ + ϑ+ θ¯)(∂¯ − ϑ¯+ θ))
the vector space
ker(∂ + ϑ+ θ¯) ∩ ker(∂¯ − ϑ¯+ θ)
im(∂ + ϑ+ θ¯)(∂¯ − ϑ¯+ θ) .
Definition 1.4. Let (M,J) be a compact complex manifold admitting the strong-Hodge-
decomposition.
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• (M,J) satisfies the hyper-strong-Hodge-decomposition if for each holomorphic 1-forms
θ and ϑ the natural maps
H∗
(
M, (∂ + ϑ+ θ¯)(∂¯ − ϑ¯+ θ))→ H∗ (M, ∂¯ − ϑ¯+ θ) ,
H∗
(
M, (∂ + ϑ+ θ¯)(∂¯ − ϑ¯+ θ))→ H∗ (M,∂ + ϑ+ θ¯)
and
H∗
(
M, (∂ + ϑ+ θ¯)(∂¯ − ϑ¯+ θ))→ H∗ (M,d+ ϑ− ϑ¯+ θ + θ¯)
are isomorphisms.
We have the following relations similar to [17].
Proposition 1.5. Let (M,J) be a compact complex manifold admitting the strong-Hodge-
decomposition. Then if (M,J) satisfies the hyper-strong-Hodge-decomposition, M has the µR∗-
symmetry on cohomologies and M is hyper-formal.
In case (M,J) admits a Ka¨hler structure, for holomorphic 1-forms θ and ϑ, the pair (Eϑ−ϑ¯, θ)
is considered as a Higgs bundle in the sense of Simpson [36]. By using the harmonic metric on
a Higgs bundle, we can show the Ka¨hler identity (see [36, Section 2]). Similarly to the proof of
the ordinary strong-Hodge-decomposition (see [18]), we have the following theorem.
Theorem 1.6. ([36, Section 2]) Let (M,J, ω) be a compact Ka¨hler manifold. Then (M,J)
satisfies the hyper-strong-Hodge-decomposition and (M,ω) is hyper-hard-Lefschetz.
In this paper, we study the above properties on solvmanifolds.
Theorem 1.7. Let M be a 2n-dimensional solvmanifold. Then the following conditions are
equivalent
(1) M admits a complex structure J and (M,J) admits the strong-Hodge-decomposition
and the hyper-strong-Hodge-decomposition.
(2) dimH1(M,R) is even, M has the µR∗-symmetry on cohomologies and M is hyper-
formal.
(3) M has the µR∗-symmetry on cohomologies, M admits a symplectic form ω and (M,ω)
is hyper-hard-Lefschetz.
(4) M is written as G/Γ where G = R2k ⋉ϕ R
2l such that the action ϕ : R2k → Aut(R2l)
is semi-simple and for any x ∈ R2k all the eigenvalues of ϕ(x) are unitary.
(5) M admits a Ka¨hler structure.
Remark 2. In [21], Hasegawa showed that formal nilmanifolds are tori and in particular nil-
manifolds admitting the strong-Hodge-decomposition are tori. In [8], Benson-Gordon showed
that hard-Lefschetz symplectic nilmanifolds are tori. These results give the structure theorem
for Ka¨hler nilmanifolds. Theorem 1.7 can be regarded as extensions of Hasegawa’s result and
Benson-Gordon’s result for nilmanifolds.
Remark 3. The equivalence of (4) and (5) in Theorem 1.7 were already proved by Hasegawa
in [21] by using Arapura-Nori’s results in [5]. But it is not clear one can consider the result in
[21] as extensions of Hasegawas, Benson-Gordons result for nilmanifolds.
Remark 4. Arapura-Nori’s results in [5] follows from Arapura’s earlier work in [4]. The proof of
Theorem 1.7 is similar to the Arapura’s idea in [4]. But the proof of Theorem 1.7 is independent
of [4].
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Remark 5. By Theorem 1.7, we have no example of a non-Ka¨hler solvmanifold satisfying
the hyper-strong-Hodge-decomposition. But there exist examples of non-Ka¨hler solvmanifolds
satisfying the strong-Hodge-decomposition, the hyper-formality and the hyper-hard-Lefschetz
property (see Section 8).
We suggest a new problem for non-Ka¨hler geometry.
Problem 1. Provide non-Ka¨hler manifolds M such that M admit complex structures J and
(M,J) satisfy the strong-Hodge-decomposition and the hyper-strong-Hodge-decomposition.
2. Hyper-strong-Hodge-decomposition and µR∗-symmetry on cohomologies
Let (M,J) be a compact complex manifold. Let Eφ ∈ F (M) be a unitary flat bundle with
φ ∈ √−1A∗
R cl(M). For a holomorphic 1-form θ ∈ H1,0(M, ∂¯), we consider the differential
operator ∂¯ + φ0,1 + θ on A∗
C
(M) and the cohomology H∗
(
M, ∂¯ + φ0,1 + θ
)
.
Lemma 2.1. For any t ∈ C∗, we have
dimH∗
(
M, ∂¯ + φ0,1 + θ
)
= dimH∗
(
M, ∂¯ + φ0,1 + tθ
)
.
Proof. Considering the bi-gradingAr
C
(M) = Ap,q(M). Then the cohomologyH∗
(
M, ∂¯ + φ0,1 + θ
)
is the total cohomology of the double complex
(
A∗,∗(M), ∂¯ + φ0,1, θ
)
. Consider the spectral
sequence E∗,∗∗ of the double complex
(
A∗,∗(M), ∂¯ + φ0,1, θ
)
. Then, as in [11] or [13], an isomor-
phism
Ep,qr
∼= X
p,q
r
Y p,qr
holds where for r ≥ 2,
Xp,qr = {ψp,q ∈ Ap,q(M)|∂¯ψp,q + φ0,1 ∧ ψp,q = 0,
∃ψp+i,q+i ∈ Ap+i,q−i(M),
s.t. θ ∧ ψp+i−1,q−i+1 + ∂¯ψp+i,q−i + φ0,1 ∧ ψp+i,q−i = 0, 1 ≤ i ≤ r − 1},
Y p,qr = {θ ∧ ωp−1,q + ∂¯ωp,q−1 + φ0,1 ∧ ωp,q−1 ∈ Ap,q(M)|
∃ωp−i,q+i−1 ∈ Ap−i,q+i−1(M)
s.t. θ ∧ ωp−i,q+i−1 + ∂¯ωp−i+1,q+i−2 + φ0,1 ∧ ωp−i+1,q+i−2 = 0, 2 ≤ i ≤ r − 1}.
For t ∈ C∗, we also consider the spectral sequence E∗,∗∗ (t) of the double complex (A∗,∗C (M), ∂¯+
φ0,1, tθ). Then we have
Ep,qr (t)
∼= X
p,q
r (t)
Y p,qr (t)
where for r ≥ 2,
Xp,qr (t) = {ψtp,q ∈ Ap,q(M)|∂¯ψtp,q + φ0,1 ∧ ψtp,q = 0,
∃ψtp+i,q+i ∈ Ap+i,q−i(M),
s.t. tθ ∧ ψtp+i−1,q−i+1 + ∂¯ψtp+i,q−i + φ0,1 ∧ ψtp+i,q−i = 0, 1 ≤ i ≤ r − 1},
Y p,qr (t) = {tθ ∧ ωtp−1,q + ∂¯ωtp,q−1 + φ0,1 ∧ ωp,q−1 ∈ Ap,q(M)|
∃ωtp−i,q+i−1 ∈ Ap−i,q+i−1(M)
s.t. tθ ∧ ωtp−i,q+i−1 + ∂¯ωtp−i+1,q+i−2 + φ0,1 ∧ ωtp−i+1,q+i−2 = 0, 2 ≤ i ≤ r − 1}.
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For ψp,q ∈ Xp,qr , considering ψtp+i,q−i = tiψp+i,q−i, we can say ψp,q ∈ Xp,qr (t). For θ ∧ ωp−1,q +
∂¯ωp,q−1 + φ0,1 ∧ ωp,q−1 ∈ Y p,qr , considering ωtp−i,q+i−1 = t−iωp−i,q+i−1 we can say
θ ∧ ωp−1,q + ∂¯ωp,q−1 + φ0,1 ∧ ωp,q−1 = tθ ∧ ωtp−1,q + ∂¯ωp,q−1 + φ0,1 ∧ ωp,q−1 ∈ Y p,qr .
By these relations, we have Xp,qr
∼= Xp,qr (t) and Y p,qr ∼= Y p,qr (t) and hence Ep,qr ∼= Ep,qr (t).
Hence, for sufficiently large r, we have
E∞ = Er ∼= Ep,qr (t) ∼= Ep,q∞ (t).
Since the spectral sequencesE∗,∗∗ and E
∗,∗
∗ (t) converge to the cohomologiesH∗
(
M, ∂¯ + φ0,1 + θ
)
and H∗
(
M, ∂¯ + φ0,1 + tθ
)
respectively, the lemma follows. 
Proposition 2.2. Let (M,J) be a compact complex manifold admitting the strong-Hodge-
decomposition. Then if (M,J) satisfies the hyper-strong-Hodge-decomposition, M has the µR∗-
symmetry on cohomologies and M is hyper-formal.
Proof. By the definition of the hyper-strong-Hodge-decomposition, for each 1-forms θ and ϑ,
we have an isomorphism
H∗(M,d+ ϑ− ϑ¯+ θ + θ¯) ∼= H∗(M, ∂¯ − ϑ¯+ θ) ∼= H∗(M,∂ + ϑ+ θ¯)
and we can easily check that the inclusion(
ker(∂ + ϑ+ θ¯), ∂¯ − ϑ¯+ θ)→ (A∗C(M), d+ ϑ− ϑ¯+ θ + θ¯)
is a quasi-isomorphism. We consider the quotient map(
ker(∂ + ϑ+ θ¯), ∂¯ − ϑ¯+ θ)→ (H∗(M,∂ + ϑ+ θ¯), ∂¯ − ϑ¯+ θ) .
Then since the map
H∗
(
M, (∂ + ϑ+ θ¯)(∂¯ − ϑ¯+ θ))→ H∗ (M,∂ + ϑ+ θ¯)
is an isomorphism, each cohomology class in H∗
(
M,∂ + ϑ+ θ¯
)
is represented by a (∂¯− ϑ¯+ θ)-
closed element and hence(
H∗(M,∂ + ϑ+ θ¯), ∂¯ − ϑ¯+ θ) ∼= (H∗(M,∂ + ϑ+ θ¯), 0) .
We can easily check that the map(
ker(∂ + ϑ+ θ¯), ∂¯ − ϑ¯+ θ)→ (H∗(M,d+ ϑ− ϑ¯+ θ + θ¯), 0)
is a quasi-isomorphism. By the isomorphism H∗(M,d+ ϑ− ϑ¯+ θ+ θ¯) ∼= H∗(M,∂+ ϑ+ θ¯), we
have the quasi-isomorphism(
ker(∂ + ϑ+ θ¯), ∂¯ − ϑ¯+ θ)→ (H∗(M,∂ + ϑ+ θ¯), 0) .
By the isomorphism H∗(M,d+ϑ− ϑ¯+θ+ θ¯) ∼= H∗(M, ∂¯− ϑ¯+θ) and Lemma 2.1, for t ∈ R∗,
we obtain
dimH∗(M,d+ ϑ− ϑ¯+ θ + θ¯) = dimH∗(M, ∂¯ − ϑ¯+ θ)
= dimH∗(M, ∂¯ − ϑ¯+ tθ) = dimH∗(M,d+ ϑ− ϑ¯+ tθ + tθ¯).
Hence the µR∗ -symmetry on cohomologies holds.
We prove the hyper-formality as in [28]. The direct sum⊕
Eϑ−ϑ¯,θ
(
ker(∂ + ϑ+ θ¯), ∂¯ − ϑ¯+ θ)
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is a sub-differential graded algebra of A
∗
(M) =
⊕
Eϑ−ϑ¯∈F (M),θ(A
∗(M), d+ ϑ− ϑ¯+ θ+ θ¯). We
have the differential graded algebra quasi-isomorphisms⊕
Eϑ−ϑ¯,θ
(
ker(∂ + ϑ+ θ¯), ∂¯ − ϑ¯+ θ)→ A∗(M)
and ⊕
Eϑ−ϑ¯,θ
(
ker(∂ + ϑ+ θ¯), ∂¯ − ϑ¯+ θ)→ ⊕
Eϑ−ϑ¯,θ
H∗(M,d+ ϑ− ϑ¯+ θ + θ¯).
Hence A
∗
(M) is formal. 
3. Algebraic hulls
We review the notion of algebraic hulls.
Proposition 3.1. ([31, Proposition 4.40]) Let G be a simply connected solvable Lie group
(resp. torsion-free polycyclic group). Then there exists a unique R-algebraic group HG with an
injective group homomorphism ψ : G→ HG(R) so that:
• ψ(G) is Zariski-dense in HG.
• ZHG(U(HG)) ⊂ U(HG) where U(HG) is the unipotent radical of HG.
• dimU(HG)=dimG(resp. rankG).
Such HG is called the algebraic hull of G.
We denote UG = U(HG) and call UG the unipotent hull of G.
In [23] or [24], the author showed the following proposition.
Proposition 3.2. Let G be a simply connected solvable Lie group. Then UG is abelian if and
only if G = Rn ⋉ϕ R
m such that the action ϕ : Rn → Aut(Rm) is semi-simple.
In this section, we show the following proposition.
Proposition 3.3. Let M be a solvmanifold and Γ the fundamental group of M . If UΓ is
abelian, M is written as G/Γ where G = Rn⋉ϕR
m for n = dimH1(M,R) such that the action
ϕ : Rn → Aut(Rm) is semi-simple.
Proof. For a simply connected solvable Lie group G which contains Γ as a lattice. Consider
the algebraic hulls HG and HΓ. Then we have HΓ ⊂ HG and UG = UΓ (see [31, Proof of
Theorem 4.34]). Let N be a nilpotent subgroup in HG. Then we have the direct product
N = Ns ×Nu where Ns (resp. Nu) is the set of the semi-simple (resp. unipotent) part of the
Jordan decomposition of the elements of N (see [35]). Since Ns is contained in an algebraic
torus and Nu ⊂ UG (see [10, Theorem 10.6]), N = Ns × Nu is abelian. Hence any nilpotent
subgroup in Γ or G is abelian.
As in [27], we have a normal nilpotent subgroup ∆ in Γ such that [Γ,Γ] is a finite index
subgroup in ∆ and Γ/∆ is free abelian. By the above argument, ∆ is abelian. Hence for
n = dimH1(M,R), we have
0 // ∆ // Γ // Zn // 0.
Since ∆ is abelian, as in [6], we have a simply connected solvable Lie group G such that
0 // ∆⊗ R // G p // Zn ⊗ R // 0.
By using [16, Theorem 2.2], there exists a simply connected nilpotent Lie subgroup C such
that G = C · (∆ ⊗ R). By the above argument, C is abelian. For p : C → C/C ∩ (∆ ⊗ R) ∼=
G/(∆ ⊗ R) ∼= Zn ⊗ R, we can take a homomorphism q : C/C ∩ (∆ ⊗ R) → C ⊂ G such that
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p ◦ q = id and hence we have a splitting G = Zn ⊗ R ⋉ϕ ∆ ⊗ R. By Proposition 3.2, ϕ is
semi-simple. Hence the proposition follows. 
4. Cohomology of solvmanifolds
Let G be a simply connected solvable Lie group with a lattice Γ and g the Lie algebra of G.
Let N be the nilradical (i.e. maximal connected nilpotent normal subgroup) of G. Then N ∩Γ
is a lattice in N and Γ/(Γ ∩ N) is a lattice in G/N . We consider the cochain complex ∧ g∗
C
with the differential d which is the dual to the Lie bracket of g.
Let C(G,N) = {α ∈ Hom(G,C∗)|α|N = 1} and C(G,N,Γ) the set of characters of Γ given
by the restrictions of α ∈ C(G,N). Since Γ/(Γ ∩N) is a lattice in G/N , the set C(G,N,Γ) is
identified with Hom(Γ/(Γ ∩ N),C∗). For α ∈ C(G,N), for the 1-dimensional vector space Vα
with the G-action via α, we consider the cochain complex
∧
g
∗
C
⊗ Vα such that for x ⊗ vα ∈∧
g
∗
C
⊗ Vα the differential dα on
∧
g
∗
C
⊗ Vα is given by
dα(x ⊗ vα) = dx⊗ vα + α−1dα ∧ x⊗ vα.
We consider
∧
g
∗
C
⊗Vα as the space of the α-twisted left-invariant differential forms with values
in the flat bundle Eα−1dα. We have the inclusion(∧
g
∗
C ⊗ Vα, dα
)
⊂ (A∗C(G/Γ), d+ α−1dα) .
We consider the direct sum ⊕
α∈C(G,N)
(∧
g
∗
C ⊗ Vα, dα
)
.
Let F (G/Γ, N) = {Eα−1dα ∈ F (G/Γ)|α ∈ C(G,N)}. We notice that the map C(G,N) ∋ α 7→
Eα−1dα ∈ F (G/Γ, N) is not injective but this map gives the 1− 1 correspondense C(G,N,Γ)→
F (G/Γ, N). We also consider the direct sum⊕
Eφ∈F (G/Γ,N)
(A∗(G/Γ), d+ φ) .
Then we have the inclusion⊕
α∈C(G,N)
(∧
g
∗
C ⊗ Vα, dα
)
→֒
⊕
Eφ∈F (G/Γ,N)
(A∗(G/Γ), d+ φ) .
Theorem 4.1. ([26, Theorem 1.3]) This inclusion induces a cohomology isomorphism⊕
α∈C(G,N)
H∗(g, Vα) ∼=
⊕
Eφ∈F (G/Γ,N)
H∗(G/Γ, d+ φ).
Take a simply connected nilpotent subgroup C ⊂ G such that G = C ·N as in [15, Proposition
3.3]. Since C is nilpotent, the map
Φ : C ∋ c 7→
⊕
α∈C(G,N)
(Adc)s ⊗ α(c) ∈ Aut

 ⊕
α∈C(G,N)
∧
g
∗
C ⊗ Vα


is a homomorphism where (Adc)s is the semi-simple part of the Jordan decomposition of (Adc).
We denote by 
 ⊕
α∈C(G,N)
∧
g
∗
C ⊗ Vα


Φ(C)
the subcomplex consisting of the Φ(C)-invariant elements.
8 HISASHI KASUYA
Lemma 4.2. ([26, Lemma 5.2]) The inclusion
 ⊕
α∈C(G,N)
∧
g
∗
C ⊗ Vα


Φ(C)
⊂
⊕
α∈C(G,N)
∧
g
∗
C ⊗ Vα
induces a cohomology isomorphism.
We have a basis X1, . . . , Xn of gC such that (Adc)s = diag(α1(c), . . . , αn(c)) for c ∈ C.
Let x1, . . . , xn be the basis of g
∗
C
which is dual to X1, . . . , Xn. Let vα be a basis of Vα for
each character α ∈ C(G,N). By G = C · N , we have G/N = C/C ∩ N and hence we have
C(G,N) = {α ∈ Hom(C,C∗)|α|C∩N = 1}. We have(⊕
α
∧
g
∗
C ⊗ Vα
)Φ(C)
=
∧
〈x1 ⊗ vα1 , . . . , xn ⊗ vαn〉.
Hence obtain the following corollaries.
Corollary 4.3. The inclusion∧
〈x1 ⊗ vα1 , . . . , xn ⊗ vαn〉 →֒
⊕
Eφ∈F (G/Γ,N)
(A∗(G/Γ), d+ φ)
induces a cohomology isomorphism.
Corollary 4.4. For Eφ ∈ F (G/Γ, N), let
A∗φ =
〈
xI ⊗ vαI ∈
∧
〈x1 ⊗ vα1 , . . . , xn ⊗ vαn〉|I ⊂ {1, . . . , n}, Eα−1I dαI = Eφ
〉
where for a multi-index I = {i1, . . . , ip} ⊂ {1, . . . , n} we write xI = xi1 ∧ · · · ∧ xip and αI =
αi1 · · ·αip . Then the inclusion A∗φ ⊂ (A∗C(M), d+ φ) induces a cohomology isomorphism.
5. J (M) on solvmanifolds
LetM be a compact manifold. We consider the sets J p(M) = {Eφ ∈ F (M)|Hp(M,d+φ) 6=
0} and J (M) = ⋃J p(M) as in the Introduction.
If M is an aspherical manifold with π1(M) ∼= Γ, then we can identify J p(M) with the set
J p(Γ) = {α ∈ C(Γ)|Hp(Γ, Vα) 6= 0} where H∗(Γ, Vα) is the group cohomology with values in
the module Vα given by α. We also consider the set J˘ p(Γ) = {α ∈ Hom(Γ,C∗)|Hp(Γ, Vα) 6= 0}
which is identified with the set J˘ p(M) on a aspherical manifold as in Remark 1.
Lemma 5.1 ([29]). Let Γ be a torsion-free finitely generated nilpotent group. Then we have
J˘ (Γ) = ⋃p J˘ p(Γ) = {1Γ} where 1Γ is the trivial character of Γ.
Let G be a simply connected solvable Lie group with a lattice Γ and g the Lie algebra of G.
Then the solvmanifold G/Γ is an aspherical manifold with π1(G/Γ) ∼= Γ.
Corollary 5.2. For Eφ ∈ J˘ p(G/Γ), we have Eφ ∈ F (G/Γ, N). Hence, we have
J˘ p(G/Γ) = J p(G/Γ) ⊂ F (G/Γ, N).
Proof. Consider the character α ∈ J˘ p(Γ) which corresponds to Eφ ∈ J˘ p(G/Γ). If the re-
striction α|Γ∩N is non-trivial, then considering the Hochschild-Serre spectral sequence E
∗,∗
∗ , by
Lemma 5.1 we have
Ep,q2 = H
p (Γ/Γ ∩N,Hq(Γ ∩N, Vα)) = 0
and hence H∗(G/Γ, Eφ) = H∗(Γ, Vα) = 0 since the Hochschild-Serre spectral sequence con-
verges to H∗(Γ, Vα). Hence the restriction α|Γ∩N is trivial and α induces a character on
FLAT BUNDLES AND HYPER-HODGE DECOMPOSITION ON SOLVMANIFOLDS 9
Γ/Γ ∩ N . Since Γ/Γ ∩ N is a lattice in the Abelian Lie group G/N , we can extend α to a
character of G whose restriction on N is trivial. Hence we can say Eφ ∈ F (G/Γ, N). 
Now we use the same setting as in Section 4. By Corollary 5.2, the inclusion⊕
Eφ∈F (G/Γ,N)
(A∗(G/Γ), d+ φ) ⊂ A∗(G/Γ) =
⊕
Eφ∈F (G/Γ)
(A∗C(G/Γ), d+ φ)
induces a cohomology isomorphism and hence considering the inclusions∧
〈x1 ⊗ vα1 , . . . , xn ⊗ vαn〉 ⊂
⊕
Eφ∈F (G/Γ,N)
(A∗(G/Γ), d+ φ) ⊂ A∗(G/Γ),
the following theorem holds.
Theorem 5.3. The inclusion∧
〈x1 ⊗ vα1 , . . . , xn ⊗ vαn〉 →֒ A
∗
(G/Γ)
induces a cohomology isomorphism.
We denote by Kp(G) the set of the characters of G which are written as αI for some multi-
index I = {i1, . . . , ip} ⊂ {1, . . . , n}. Let Kp(G,Γ) = {Eα−1dα ∈ F (G/Γ)|α ∈ Kp(G)}. Then the
following proposition follows from Corollary 5.2 and Corollary 4.4.
Proposition 5.4. We have J p(G/Γ) ⊂ Kp(G,Γ).
We have a differential graded algebra isomorphism∧
〈x1 ⊗ vα1 , . . . , xn ⊗ vαn〉 ∼=
∧
u
∗
where u is the Lie algebra of the unipotent hull UG of G as in Section 3 (see [26, Remark 4]
and [24]). By Theorem 5.3, we obtain the following corollary.
Corollary 5.5. We have a quasi-isomorphism∧
u
∗ → A∗(G/Γ)
and hence
∧
u
∗ is the Sullivan minimal model of A
∗
(G/Γ).
In [21], Hasegawa proved that for a nilpotent Lie algebra n, the differential graded algebra∧
n
∗ is formal if and only if n is abelian. Hence we obtain the following corollary.
Corollary 5.6. A solvmanifold G/Γ is hyper-formal if and only if the unipotent hull UG is
abelian.
Suppose we have [ω] ∈ H2(n) such that [ω]n 6= 0 where 2n = dim n. In [8] (see also [20,
Section 4.6.4]), Benson and Gordon proved that for any 0 ≤ i ≤ n the linear operator
[ω]n−i∧ : Hi(n)→ H2n−i(n)
is an isomorphism if and only if n is abelian. Hence we obtain the following corollary.
Corollary 5.7. Suppose a solvmanifold (G/Γ, ω) admits a symplectic structure ω. Then
(G/Γ, ω) is hyper-hard-Lefschetz if and only if the unipotent hull UG is Abelian.
Take a simply connected nilpotent subgroup C ⊂ G such that G = C · N . We define the
action of C on the differential graded algebra
∧
u
∗ ∼= ∧〈x1 ⊗ vα1 , . . . , xn ⊗ vαn〉 as
c · (xi ⊗ vαi) = αixi ⊗ vαi .
Consider the induced action of C on the cohomology H∗(u). We take the weight decomposition
Hp(u) =
⊕
V pµj of this C-action.
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Theorem 5.8. Let Lp(G,Γ) = {Eµ−1j dµj ∈ F (G/Γ)|V
p
µj 6= 0}. Then we have J p(M) =
Lp(G,Γ).
Proof. Consider the C-action
Φ : C ∋ c 7→ (Adc)s ∈ Aut(
∧
g
∗
C)
on
∧
g
∗
C
and the weight decomposition∧
g
∗
C =
⊕
W ∗νi
of this action. Then we have∧
u
∗ ∼=
∧
〈x1 ⊗ vα1 , . . . , xn ⊗ vαn〉 ∼=
⊕
W ∗νi ⊗ 〈vν−1i 〉,
Hp(W ∗νi ⊗ 〈vν−1i 〉) = V
p
ν−1j
and
A∗φ =
⊕
E
ν
−1
i
dνi
=Eφ
W ∗νi ⊗ 〈vν−1i 〉
where A∗φ is defined in Theorem 5.3. By Theorem 5.3, we obtain
Hp(G/Γ, d+ φ) ∼= Hp(A∗φ) =
⊕
E
νidν
−1
i
=Eφ
Hp(W ∗νi ⊗ 〈vν−1i 〉) =
⊕
E
νidν
−1
i
=Eφ
V p
ν−1i
.
Hence Hp(G/Γ, d+ φ) 6= 0 if and only if V pµj 6= 0 such that Eµ−1j dµj = Eφ. 
Remark 6. In general, by Proposition 5.4, we have Lp(G,Γ) ⊂ Kp(G,Γ) but Lp(G,Γ) 6=
Kp(G,Γ). If UG is Abelian, then we have H∗(u) =
∧∗
u and hence Lp(G,Γ) = Kp(G,Γ).
Corollary 5.9. J (G/Γ) is a finite set.
Proposition 5.10. Suppose that one of the characters α1, . . . , αn is non-unitary. Then for a
solvmanifold G/Γ, there exists a non-unitary flat bundle Eφ ∈ F (M) such that
H1(G/Γ, d+ φ) 6= 0.
Proof. By Theorem 5.8, it is sufficient to prove that there exists a non-unitary weight µj of the
above action of C on the cohomology H1(u) such that V pµj 6= 0. This follows from the following
lemma. 
Lemma 5.11. Let u be a C-nilpotent Lie algebra. Let A ∈ Aut(u) be a semi-simple au-
tomorphism. Consider the automorphism ∧A∗ on ∧ u∗ induced by A and its restriction on
H1(u) = ker(d|∧1 u∗). If there exists a non-unitary eigenvalue of A, then the action on
H1(u) = ker(d|∧1 u∗) induced by A has a non-unitary eigenvalue.
Proof. We will show inductively on the nilpotency s of u (i.e. s is the number such that
Cs−1u 6= 0 and Csu = 0 where Ciu is the i-th term of the lower central series of u.)
In case s = 1, since H1(u) = ker(d|∧1 u∗) = u
∗, there is nothing to prove.
We assume that the statement holds in the case s ≤ n and u has nilpotency n+1. Then we
have the decomposition ∧
u
∗ =
∧(
(u/Cnu)∗
)⊗∧ (Cnu)∗
such that d (Cnu)
∗ ⊂ ∧2 (u/Cnu)∗. Since A (Cnu) ⊂ (Cnu), we have A∗ ((Cnu)∗) ⊂ (Cnu)∗
and A∗
(
(u/Cnu)
∗) ⊂ (u/Cnu)∗. By the assumption of A, there exists a non-unitary eigenvalue
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of A∗ on (Cnu)∗ or (u/Cnu)∗. If there exists a non-unitary eigenvalue of A∗ on (u/Cnu)∗,
then by the induction assumption, we can prove the statement. If there exists a non-unitary
eigenvalue of A∗ on (Cnu)∗, then by d (Cnu)∗ ⊂ ∧2 (u/Cnu)∗, we have a non-unitary eigenvalue
of ∧2A∗ on ∧2 (u/Cnu)∗ and hence we have a non-unitary eigenvalue of A∗ on (u/Cnu)∗. Hence
the lemma follows. 
Theorem 5.12. Let G/Γ be a solvmanifold. G/Γ has the µR∗-symmetry on cohomologies if
and only if the characters α1, . . . , αn are all unitary characters.
Proof. Suppose that G/Γ has the µR∗ -symmetry on cohomologies. By Proposition 5.10, if one
of the characters α1, . . . , αn is non-unitary, then by Proposition 5.10 there exists a non-unitary
flat bundle Eφ ∈ F (M) such that
H1(G/Γ, d+ φ) 6= 0.
We have {µt(Eφ) = EtReφ+√−1Imφ|t ∈ R∗} ⊂ J (G/Γ) and hence J (G/Γ) is a infinite set.
But since J (G/Γ) is a finite set by Corollary 5.9, the characters α1, . . . , αn are all unitary
characters.
Suppose that the characters α1, . . . , αn are all unitary characters. Then, by Proposition 5.4,
J (G/Γ) consists of unitary flat bundles. Since any unitary flat bundle is fixed by the R∗-action
via µ, G/Γ has the µR∗ -symmetry on cohomologies. 
6. Proof of Theorem 1.7
Proof. (1)⇒(2) follows from Proposition 2.2.
We prove (2)⇒(4). Write M = G/Γ. By Corollary 5.6, the unipotent hull UG = UΓ is
Abelian. By Proposition 3.3, we can write G = R2k ⋉ϕ R
2l such that the action ϕ : R2k →
Aut(R2l) is semi-simple. By using Theorem 5.12, we can easily check that all eigencharacters
of φ are unitary. Hence (2)⇒(4) follows.
Noting that the dimensions of the cohomologies of odd degree of hard Lefschetz symplectic
manifolds are even (see [9]), as similar to the proof of (2)⇒(4), we can prove (3)⇒(4) by
Corollary 5.7.
We prove (4)⇒(5). By the assumption, we can take a ϕ(R2k)-invariant flat Ka¨hler metric h
on R2l. For a flat Ka¨hler metric g on R2k, we have the left-invariant Ka¨hler metric g × h on G
and this induces a Ka¨hler metric on G/Γ. Hence (4)⇒(5) follows.
(5)⇒(1) and (5)⇒(3) follow from Theorem 1.6.
Now we have (1)⇒(2)⇒(4)⇒(5)⇒(1) and (3)⇒(4)⇒(5)⇒(3). Hence the theorem follows.

7. Computations of the cohomology H∗(M, ∂¯ + φ0,1 + θ) on certain solvmanifolds
Let g be a Lie algebra with a complex structure J . We consider the differential bi-graded
algebra
∧∗,∗
gC with the differential ∂¯. Let θ ∈ H1,0(
∧∗,∗
gC, ∂¯) = ker ∂¯|∧1,0 gC such that
θ 6= 0. We consider the cohomology H∗(∧ gC, ∂¯ + θ) which is the total cohomology of the
double complex (
∧∗,∗
gC, θ, ∂¯). Then we have the spectral sequence E
∗,∗
∗ of the double complex
(
∧∗,∗
gC, θ, ∂¯) such that the first term E
∗,∗
1 is the cohomology of (
∧∗,∗
gC, θ) and E
∗,∗
∗ converges
to H∗(
∧
gC, ∂¯+θ). By simple computations, we obtain E
∗,∗
1 = 0 and hence H
∗(
∧
gC, ∂¯+θ) = 0.
Theorem 7.1. ([34, Theorem 1], [14, Main Theorem], [12, Theorem 2, Remark 4], [32, Theorem
1.10], [33, Corollary 3.10], [1, Theorem 3.8]) Let G be a simply connected nilpotent Lie group
with a lattice Γ and left-invariant complex structure J . Let g be the Lie algebra of G. Suppose
that one of the following conditions holds:
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• (G, J) is a complex Lie group;
• J is an abelian complex structure;
• J is a nilpotent complex structure;
• J is a rational complex structure;
• g admits a torus-bundle series compatible with J and with the rational structure induced
by Γ.
Then the inclusion (∧∗,∗
g
∗
C, ∂, ∂¯
)
→֒ (A∗,∗(G/Γ), ∂, ∂¯) ,
induces an isomorphism
H∗,∗(
∧∗,∗
g
∗
C, ∂¯)
∼= H∗,∗(G/Γ, ∂¯).
Let (G,Γ, J) as in assumption of this theorem. For a non-trivial holomorphic 1-form θ ∈
H1,0(G/Γ, ∂¯), we have θ ∈ ∧1,0 gC and the injection(∧∗,∗
g
∗
C, θ, ∂¯
)
→֒ (A∗,∗(G/Γ), θ, ∂¯)
between double complexes, which induces a cohomology isomorphism
H∗,∗(
∧∗,∗
g
∗
C, ∂¯)
∼= H∗,∗(G/Γ, ∂¯).
By using the spectral sequences of the double complexes, we can easily check the isomorphism
H∗,∗(
∧∗,∗
g
∗
C, ∂¯)
∼= H∗,∗(G/Γ, ∂¯).
(see [2, Proposition 1.1]). By the above argument, we have
H∗(
∧
g
∗
C, ∂¯ + θ) = 0
and hence we obtain the following result.
Corollary 7.2. For any non-trivial holomorphic 1-form θ ∈ H1,0(G/Γ, ∂¯), we have
H∗(G/Γ, ∂¯ + θ) = 0.
Next we consider a solvable Lie group G with the following assumption.
Assumption 7.3. G is the semi-direct product Cn ⋉ϕ N so that:
Let a and n be the Lie algebras of Cn and N respectively.
(1) N is a simply connected nilpotent Lie group with a left-invariant complex structure J .
(2) For any t ∈ Cn, φ(t) is a holomorphic automorphism of (N, J).
(3) ϕ induces a semi-simple action on the Lie algebra n of N .
(4) G has a lattice Γ. (Then Γ can be written by Γ = Γ′ ⋉ϕ Γ′′ such that Γ′ and Γ′′ are
lattices of Cn and N respectively, and for any t ∈ Γ′ the action ϕ(t) preserves Γ′′.)
(5) The inclusion
∧∗,∗
n
∗
C
⊂ A∗,∗(N/Γ′′) induces an isomorphism
H∗,∗(
∧∗,∗
nC, ∂¯) ∼= H∗,∗(N/Γ′′, ∂¯).
Consider the set C(G,N) = {α ∈ Hom(G,C∗)|α|N = 1}. Let HL(G/N) be the set of
isomorphism classes of holomorphic C-line bundles. We define the subset HL(G,N,Γ) =
{[Eα−1dα]hol ∈ HL(G/N)|α ∈ C(G,N)} where [Eα−1dα]hol is the holomorphically isomor-
phism class containing a flat bundle Eα−1dα. We consider the bi-graded cochain complex(
A∗,∗(G/Γ), ∂¯ + φ0,1
)
as the Dolbeault complex with values in a holomorphic flat bundle Eφ.
We consider the direct sum ⊕
[Eφ]hol∈HL(G,N,Γ)
(
A∗,∗(G/Γ), ∂¯ + φ0,1
)
.
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Then by the wedge products and the tensor products, this direct sum is a differential bi-graded
algebra.
Theorem 7.4 ([25]). There exists a differential bi-graded sub-algebra A∗,∗ of⊕
[Eφ]hol∈HL(G,N,Γ)
(
A∗,∗(G/Γ), ∂¯ + φ0,1
)
.
such that we have a differential bi-graded algebra isomorphism ι :
∧∗,∗
(a ⊕ n)∗
C
∼= A∗,∗ and the
inclusion
A∗,∗ →֒
⊕
[Eφ]hol∈HL(G,N,Γ)
(
A∗,∗(G/Γ), ∂¯ + φ0,1
)
induces a cohomology isomorphism.
For a non-trivial holomorphic 1-form θ ∈ H1,0(G/Γ, ∂¯), by Theorem 7.4, we have θ ∈ A1,0
and by the differential bi-graded algebra isomorphism ι :
∧∗,∗
(a ⊕ n)∗
C
∼= A∗,∗, we have the
injection (∧∗,∗
(a⊕ n)∗C, θ, ∂¯
)
→֒
⊕
[Eφ]hol∈HL(G,N,Γ)
(
A∗,∗(G/Γ), θ, ∂¯ + φ0,1
)
between double complexes, which induces a cohomology isomorphism
H∗,∗
(∧∗,∗
(a⊕ n)∗, ∂¯
) ∼= ⊕
[Eφ]hol∈HL(G,N,Γ)
H∗,∗(G/Γ, ∂¯ + φ0,1).
By using the spectral sequences of the double complexes, we can easily check the isomorphism
H∗(
∧
(a⊕ n)∗C, ∂¯ + θ) ∼=
⊕
[Eφ]hol∈HL(G,N,Γ)
H∗,∗(G/Γ, ∂¯ + φ0,1 + θ)
(see [2, Proposition 1.1]). By the above argument, we have
H∗(
∧
(a⊕ n)∗C, ∂¯ + θ) = 0
and ⊕
[Eφ]hol∈HL(G,N,Γ)
H∗,∗(G/Γ, ∂¯ + φ0,1 + θ) = 0.
Hence we obtain the following cohomology vanishing result.
Corollary 7.5. For a flat holomorphic bundle [Eφ]hol ∈ HL(G,N,Γ) and a non-trivial holo-
morphic 1-form θ ∈ H1,0(G/Γ, ∂¯), we have
H∗(G/Γ, ∂¯ + φ0,1 + θ) = 0.
8. Examples
Let G = C⋉φ C
2 such that φ(z1) =
(
e
z1+z¯1
2 0
0 e−
z+z¯1
2
)
. Then for some a ∈ R the matrix(
ea 0
0 e−a
)
is conjugate to an element of SL(2,Z). Hence, for any 0 6= b ∈ R, we have
a lattice Γ = (aZ + b
√−1Z) ⋉ Γ′′ such that Γ′′ is a lattice of C2. Then for a coordinate
(z1, z2, z3) ∈ C ⋉φ C2, for the Lie algebra g of G, we have∧∗,∗
g
∗
C =
∧∗,∗〈dz1, e− z1+z¯12 dz2, e z1+z¯12 dz3〉 ⊗ 〈dz¯1, e− z1+z¯12 dz¯2, e z1+z¯12 dz¯3〉.
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We have a left-invariant symplectic structure
ω =
√−1dz1 ∧ dz¯1 + dz2 ∧ dz¯3 + dz¯2 ∧ dz3.
Take b 6∈ πZ, then G/Γ satisfies the strong-Hodge-decomposition (see [2]). Moreover by Corol-
lary 5.6 and Corollary 5.7, G/Γ is hyper-formal and hyper-hard-Lefschetz. On the other hand,
by Theorem 1.7, G/Γ does not satisfy the hyper-strong-Hodge-decomposition.
We observe in more detail. By Remark 6, we have
J (G/Γ) =
{
E0, E dz1+dz¯1
2
, E− dz1+dz¯1
2
, Edz1+dz¯1 , E−dz1−dz¯1
}
Hence we have
H∗
(
G/Γ, d+
dz1 + dz¯1
2
)
6= 0.
But by Corollary 7.5, we have
H∗
(
G/Γ, ∂¯ +
dz1
2
)
= 0
and hence
H∗
(
G/Γ, d+
dz1 + dz¯1
2
)
6∼= H∗
(
G/Γ, ∂¯ +
dz1
2
)
.
This implies that G/Γ does not satisfy the hyper-strong-Hodge-decomposition (see the proof
of Proposition 2.2). In particular, G/Γ does not admit a Ka¨hler structure.
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